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1 Variational Bayes inference of LS-APC model

The LS-APC model (Tichý et al., 2016) is formulated as (see details in the main paper)

p(y|x,ω) =N
(
Mx,ω−1Ip

)
, (1)

p(ω) =G (ϑ0,ρ0) , (2)

p(xj+1|xj , lj ,υj) =tN
(
−ljxj ,υ−1j+1, [0,∞]

)
, for j = 1, . . . ,n− 1, (3)5

p(υj) =G (α0,β0) , for j = 1, . . . ,n, (4)

p(lj |ψj) =N
(
−1,ψ−1j

)
, for j = 1, . . . ,n− 1, (5)

p(ψj) =G (ζ0,η0) , for j = 1, . . . ,n− 1, (6)

where symbol N denotes (multivariate) Gaussian distribution, G denotes gamma distribution, tN denotes truncated Gaussian
distribution with given interval, and Ip denotes identity matrix of the given size.10

1.1 Estimation of model parameters

Since the analytical estimation of the parameters of the model (1)–(6) is not tractable, we employ the Variational Bayes (VB)
method (Šmídl and Quinn, 2006). Here, posterior distributions satisfy conditional independence which uniquely determine
their forms as

p̃(ω|y) =G (ϑ,ρ) , (7)15

p̃(x|y) =tN (µx,Σx) , (8)
p̃(υj |y) =G (αj ,βj) , ∀j = 1, . . . ,n, (9)

p̃(lj |y) =N
(
µlj ,Σlj

)
, ∀j = 1, . . . ,n− 1, (10)

p̃(ψj |y) =G (ζj ,ηj) , ∀j = 1, . . . ,n− 1, (11)

with shaping parameters ϑ,ρ,µx,Σx,αj ,βj ,µlj ,Σlj , ζj ,ηj . These are derived as20

ϑ=ϑ0 +
p

2
, ρ=ρ0 +

1

2
tr
(〈
xxT

〉
MTM

)
− 1

2
2yTM〈x〉+ 1

2
yTy, (12)

Σx =
(
〈ω〉MTM +

〈
LΥLT

〉)−1
, µx =Σx

(
〈ω〉MTy

)
, (13)

α=α0 +
1

2
1n,1, β =β0 +

1

2
diag

(〈
LTxxTL

〉)
, (14)

Σlj =
(
〈υj〉

〈
x2j+1

〉
+ 〈ψj〉

)−1
, µlj =Σlj (−〈υj〉〈xjxj+1〉− 〈ψj〉) , (15)

ζj =ζ0 +
1

2
, ηj =η0 +

1

2

〈
(lj + 1)2

〉
, j = 1, . . . ,n− 1, (16)25

where symbol 〈x〉 denotes the moment with respect to the distribution on the variable in the argument, the matrixL is composed

from l1, . . . , ln−1 asL=


1 0 0 0
l1 1 0 0

0
. . . 1 0

0 0 ln−1 1

, and Υ is diagonal matrix with υ1, . . . ,υn on its diagonal. While the moments

of Gaussian and Gamma distributions are standard, relatively non-standard moments of truncated Gaussian distribution are
computed according to appendix in the main paper.

Reference implementation is available from http://www.utia.cz/linear_inversion_methods.30

1

http://www.utia.cz/linear_inversion_methods


1.2 Model selection

The model selection property, the term LMk
need to be evaluated,

LMk
= E[lnp(y,x,Υ,L,ψ1, . . . ,ψn−1,ω,Mk)]−E[ln p̃(ω)]−E[ln p̃(x)]−E[ln p̃(Υ)]−E[ln p̃(L)]−E[ln p̃(ψ1, . . . ,ψn−1)] ,

(17)

where E[] denotes expected value . The terms of (17) computed using shaping parameters and moments from Sec. 1.1 are5
follow:

E[lnp(y,x,Υ,L,ψ1, . . . ,ψn−1,ω,Mk)] =

− p

2
ln(2π) +

p

2
〈lnω〉− 1

2
〈ω〉
(
tr
(〈
xxT

〉
MT
k Mk

)
− 2yTMk〈x〉+yTy

)
+

− lnΓ(ϑ0) +ϑ0 lnρ0 + (ϑ0− 1)〈lnω〉− ρ0〈ω〉+10

+n ln
√

2 +

n∑
j=1

(
−

〈
x2j
〉

2〈LΥLT 〉−1j,j
− ln

√
π〈LΥLT 〉−1j,j

)
+

−n lnΓ(α0) +nα0 lnβ0 +

n∑
j=1

((α0− 1)〈lnυj〉−β0〈υj〉)+

− n− 1

2
ln(2π) +

n−1∑
j=1

(
1

2
〈lnψj〉−

1

2

(〈
l2j
〉
〈ψj〉+ 2〈ψj〉〈lj〉+ 〈ψj〉

))
+

− (n− 1) lnΓ(ζ0) + (n− 1)ζ0 lnη0 +

n−1∑
j=1

((ζ0− 1)〈lnψj〉− η0〈ψj〉) . (18)

E[ln p̃(ω)] =− lnΓ(ϑ) +ϑ lnρ+ (ϑ− 1)〈lnω〉− ρ〈ω〉, (19)15

E[ln p̃(x)] =n ln
√

2 +

n∑
j=1

− 1

2(Σx)j,j

(
〈xj〉− (µx)j

)2
− ln

√
(Σx)j,j π− ln

1− erf

 −(µx)j√
2(Σx)j,j

 ,
(20)

E[ln p̃(Υ)] =−
n∑
j=1

lnΓ(αj) +

n∑
j=1

αj lnβj +

n∑
j=1

(αj − 1)〈lnυj〉−
n∑
j=1

βj〈υj〉, (21)

E[ln p̃(L)] =− n− 1

2
ln(2π)−

n−1∑
j=1

1

2
lnΣlj −

1

2

n−1∑
j=1

((
〈lj〉−µlj

)T
Σ−1lj

(
〈lj〉−µlj

))
, (22)

E[ln p̃(ψ1, . . . ,ψn−1)] =

n−1∑
j=1

(− lnΓ(ζj) + ζj lnηj + (ζj − 1)〈lnψj〉− ηj〈ψj〉) , (23)

where Γ(z) is gamma function defined as Γ(z) =
∫∞
0
xz−1 exp(−x)dx and erf(z) is error function defined as erf(z) =20

2√
π

∫ z
0

exp(−x2)dx.
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