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SIMPLIFIED TREATMENT OF VERTICAL DIFFUSION
UNDER INHOMOGENEOUS ATMOSPERHIC CONDITIONS

ABSTRACT

The horizontal change in vertical cloud dimensions is evaluated
by developing equations for the horizontal derivatives of moments
of the vertical concentration dis tribution. The equation for the
first moment is used to interpret results of tracer experiments
close to highways. The results indicate that the speed of the
cars has to be large for the GM-model to be applicable. The EPA-
HIWAY model may be applied when the turbulence of the surface

boundary layer determines diffusion.

i INTRODUCTION

When considering vertical mixing of pollution, the ground represents
a sink of momentum and a restriction on the vertical scale of
eddies. As a consequence, the diffusion conditions are inhomo-
geneous and the eddy scale is small near the ground, favouring

the application of K-theory for vertical diffusion.

In applying dispersion models for air pollution studies, the
vertical exchange is often grouped in 4-7 classes depending on
wind speed and incoming solar radiation, or on the vertical vari-
ation in temperature. Close to a highway the vertical exchange

is of primary importance in describing the concentration of
pollution emitted from the cars. Systematic deviations between
observed and estimated concentrations using the EPA-HIWAY model

have been reported (Cadle et al., 1976).

Further results of a finite difference highway model for
advection and diffusion of pollution, based on surface layer
similarity theory and vehicle wake theory, showed predictions

closer to the observations than those of the HIWAY model.



(Eskridge and Hunt, 1979; Eskridge et al., 1979). As a result of
vehicle wakes, the vertical diffusion becomes horizontally
inhomogeneous. To avoid the labour of numerical solutions of

the diffusion equation, in this paper a simplified treatment

of the spread from a ground source is adopted.

2 CHANGE IN VERTICAL POLLUTION DISTRIBUTION

Any function of the vertical coordinate, z, may be averaged over

the pollution @distribution &(%,2) :
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The horizontal variation in the averaged f-function reads:
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Specifically, different moments of the c-distribution with
respect to z may be calculated in this way. The horizontal
variation in concentration is given by the diffusion equation
simplified to describe the problem under consideration. As an
example, the dispersion of pollution from a line source close

to the ground is described by the equation:

oc(x,z) _ 3 dc (x,2z)
w (%2} R (K(x,z) ey ) §3)
where: u(x,2z) = horizontal wind speed
K(x,z) = coefficient of turbulent exhange

For simple vertical profiles of u and K (both constant with
respect to x) the equation may be solved analytically given the
boundary conditions. When the analytical procedure is not
applicable, numerical methods require a high spatial resolution
to give reasonable accuracy. An alternative way is to specify the

variation in the moments of the vertical pollution distribution.



Assuming u(x,z) # 0, Equation (2) reads:
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Partial integration of Equation (4) gives:
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From Equation (5) it is seen that T EE(E)’ and the vertical

distribution of 1n u determines the atmospheric influence on

all moments of the pollution distribution.

These varameters are then describing the growth of the pollu-

tion cloud in the atmospheric boundary layer.

Close to the ground:
u %% =5 10

and z > z
o)

where zo='the roughness length.



The vertical flux of pollution close to the ground is described

by deposition processes.

For dispersion calculations, empirically based formulae, considering
horizontal variation in the second moment of vertical pollution
distribution only (i.e. the Gaussian plume formula) are used.

When the atmospheric dispersion conditions are horizontally homo-
geneous, the accuracy of the results is satisfactory. However, with
horizontal change in roughness and/or heatflux from the ground,

the vertical diffusivity change, and it is necessary to include

this in specific dispersion calculations. Using the first and

second moment for dispersion considerations, the following

equations may be written.

The first moment:

fz) = = 3 Fx) = 3(%),
The second central moment:
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Using Equation (5) the horizontal derivations of these moments

may be written:
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Se DISPERSION OF POLLUTION FROM A LINE SOURCE.- CLOSE TO
THE GROUND

Eguation (6) is inteégrated from the greound t6 a helght z,.

Within the area of consideration:

c =0, and g =0, for z = 2

9z 2

When dry deposition is small

K 3¢ ~0,for z = 2z

0z 1

According to Equation (6):
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The horizontal derivatives of the vertical moment of the
c-distribution may be calculated knowing the c-, the K-, and the

u-profiles.



The following parameters are defined:

Z3
c=c + Ac, when z < E, and ilcdz = zC.
Equation (8) may then be written:
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The following transformation of integration variable is made:
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From the definition of z and Ac it follows that:
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In this way it is seen that the two last integrals have opposite
sign and that the sum of the last 2 terms in Equation (11l) may be

small.

Often an approximation of Equation (11) may be written:
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where a = factor of proportionality

(%) = the maximum value when z < z.
max

When K and u are constant with respect to z, the Gaussian plume
formala is a sgluttion of Equation (), and Hgustiens (8) and (9)

may be written as:

dz K c(zy)
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Considering a Gaussian plume with a standard deviation denoted

by i the following interrelations are found:

C(Zl) =%,E=‘% Oz' andio; =_K_

These expressions correspond well with the formula previously

proposed (Pasquill 1975):
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According to Equation (13): a = = == b = 1.0. When using

data on K and u profiles defined by similarity theory for the
surface layer, it is found that the additional terms in Equation
(11) become small for a practical range of thermal stratification.
Pasquill indicates that Equation (15) may be used when the

Monin-Obukhov length (L) is less than -7 m or larger than 4m.

When an elevated source is considered, z; may be selected as the
height of the maximum concentration in the plume, when there is
no net flux of pollution across this level; the horizontal change
in the vertical dispersion parameter may be considered in the

same way.

In this way Pasquill's proposal is not restricted to a ground

level source.



4 DEFINITION OF DISPERSION PARAMETERS

It is assumed that atmospheric motions have a minor influence on
the growth of the wake behind cars. In accordance with Eskeridge
et al. (1979 a and b)), the vertical exchange coefficient, KZ, in

the wake is described by the following equation:

RS
Ky « Tw2) 2 2(s) (16)
where w' = fluctuation in vertical wind velocity,
2(s) = scale of turbulence,
s = distance behind the car.
12 = r2 @ ] ]
& Yhax Fw(y rz') (L7
where y' = horizontal coordinate prependicular to the

direction of the road,
z' = vertical coordinate perpendicular to the

direction of the road.

Fw = describe spatial variation in w'.
1 ]
F (', 2"} & 1.0, when ik s LAY (ﬁ) 5
Y h2 h
Gy Es e 12 0 (18)
Ymax’ = €1 h
where cy1 = 0.387 (factor of proportionality),
U = speed of vehicles,
h = average height of cars.
L
il -= Gl {%] ' (19)

where cz = 0.53 (factor of proportionality).
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According to the Equations (16), (18), and (19), the maximum

value of the turbulent diffusivity is:
w s\ %
K = €Y= h - U - <—> (20)

In a convective atmospheric boundary layer the atmospheric

turbulence becomes important close to the highway:

<§> at? @ o

i for the atmosphere is described by Monin-Obukhov's similarity

theory (see Appendix 1).

During inversion conditions the wake turbulence is dominant
close to the highway, and the following expression is found for

the cloud dimension:

e (@) 1w

where = average height of the cars
average speed of cars

= wind velocity perpendicular to the highway

X o o o
I

= distance from the edge of a highway

For preliminary calculations the following wvalues are used for

the constants:

a =

2
kil
C=01

sy = 0.2
The following assumption is found reasonable:
z = h, when x = h.
The wake-generated turbulence and the atmospheric turbulence may

interact in a nonlinear and complex way, encouraging further

empirical studies.



As a simplification, the dispersion effect is considered to be an

additive effect of atmospheric turbulence and car-generated

turbulence:
- 1 % T s ooy TeB ] 05
7 = h.[l + 2a (H (ﬁ_)(ﬁ - 1) + 2C(ﬁ_) ((H) -1) (22)
a a
S INTERPRETATION OF TRACER STUDIES

In order to clarify dispersion conditions close to a highway

over a snow-covered plain (zo ¥ 3 cm) during inversion situations,
SF¢ tracer experiments were carried out. A set of samplers was
located out to a distance of 70 m from the edge of a road, as
shown in Figure 1. Seven experiments were performed, and the
results of one of them were rejected due to variable wind

conditions.

HELLERUDSLETTA

Figure 1: Test area for tracer experiments. Locations of
samplzng points are shown by x. The automobile
emission was stmulated by a car driving back and
forth along the road and continuously relasing a
tracer gas (SFs).
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The vertical distribution of the pollution concentrations was
recorded at a distance of 30 m from the edge of the road (530).
The variation in the vertical dimension of the pollution cloud

was also estimated from the fall in ground level SFy concentration
(Eéo) (see Table 1). Relevant dispersion parameters recorded

during the tracer experiments are shown in Table 1,

Table 1: Dispersion parameters during tracer experiments.

Test DATE U U.10 R/U - 240
No. m/s m/s m m m
s o R 16 s 0,09 —

4 Y =L 14.5] 0.85 0.003 -

IIT 15 o Jar==l 1754 2.4 0. 08

U 158,38 .~2 I7:5 A0 0.08
\Y LB & Sl D7 | 2s0 0,003

VE 168 % 9.7T| 4.3 v 2:'@ 243

U : The speed of the car emitting SFs 3

UalO: The wind component perpendicular to the road
10 m above the ground

%; Parameter describing vertical growth of the
pollution cloud by atmospheric turbulence
(see Eguation 22)

230 : Vertical dimension of the pollution cloud
calculated from the measurements on the 10 m
mast, 30 m from the edge of the road.

550 : Vertical dimension of the pollution cloud

deduced from the decay in the concentration

close to the ground



Figure < shows the verticsl dimemnsion of the trasew cloud 30 m
downwind from the road (530) for each of the tracer experiments.
The values are shown as a function of wind speed perpendicular
to the road. The parameters that are relevant to dispersion are
shown in Table 1, together with observed values of the vertical
dimension (530). Both atmospheric turbulence and wake effects
from the car contribute to the vertical growth of the cloud as
shown on the figure by a solid line and a broken line, respect-
ively. According to Eguation (22) large variation in the two

effects may occur from one experiment to the next.

i ——: OBSERVED VALUES
‘ Z{m) e © CALCULATED VALUES
USING EQUATION (22)
o — : EFFECT OF ATMOSPHERIC
[T TURBULENCE
Obs—¢ ¢ 1 —— 1 EFFECT OF CAR (-GENERATED
1 ° i TURBULENCE) WAKE
4 : : ? I
1 | g
' ' | +—Obs I il
I | | Y_' i 1
) {=—Obs 1 |
3% l 1 i T | |-=—Obs
| ] | |
) il | |<—ob,! ——Obs |
1 | | =
I |
2 ! |
| |
—— HEIGHT OF CAR
14
Y T T T T T T T H 1 ;_)
(0] 1 2 3 4 Ul f i =

Fzgure 2: Vertical dimension (2) of tracer cloud 30 m from the edge of the
road given as a function of wind speed perpendicular to the road.
The dimension of the cloud is assumed to be the height of the
car (1.4 m) at the edge of the road. For each of the experiments
the observed values (4) and the caluculated values (o) are showm.
For the calculated values the effect of atmospheric turbulence
18 shown by a solid line (- ) and the effect of car-generated
turbulence by a broken line (-———-).
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It is seen that the atmospheric effects caused very little diffu-
sion in experiments 2 and 5. The dispersion caused by wake

effects became large especially when the wind sveed was low.

Compared with other models, our results indicate a less effective
vertical dispersion than that predicted by the GM model when the
wind speed is higher than 2 m/s, perhaps because our car was
driven at a lower speed than the GM test cars. By selecting the
proper class of stability, our results show more effective verti-
cal diffusion than that predicted EPA-HIWAY model, since the wake
effect contributed significantly in all our experiments. However,
the EPA-HIWAY model gives a realistic description of the atmos-
pheric turbulence effect and should apply when the wake effect

is weak.

In Figure 2 both observed and calculated values show a tendency
for the vertical dimension to become smaller with increasing
wind speed. This is a result mainly of the wake effect on disper-

sion that is large when the wind sveed is small.

The stability classes are traditionally used to classify the
increase in vertical dimensions of the pollution cloud. Our
results indicate, however, that the horizontal wind speed should
also be taken into account according to the theory presented in

the previous sections.

The empirically verified by GM model should apply when the speed
of the cars is about 80 km per hour. As reported by Rao and Keenan
(1980), the vertical dimension of the pollution cloud at the
nearest roadside receptor is a function of cross-road wind speed.
In Figure 3, calculated values from Equation (21) are compared

with the observed values reported by Rao and Keenan.
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: OBSERVED VALUES REPORTED BY
RAO AND KEENAN (1980)

: CALCULATED VALUES USING
EQUATION (21),

1.4

U(m/s)
0 —

T T L T T ! ¥

0 05 1.0 15 2.0 2.5 3.0 35

Figure 3: The standard deviation, 04, near the roadside (v 4 m from the
edge of road) as a function of cross-road wind speed.
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APPENDIX: EVALUATION OF METEOROLOGICAL MEASUREMENTS

BY SIMILARITY THEORY

The following terminology is used:

z = vertical coordinate
z = roughness parameter
L. = Monin-Obukov length
cp = gspecific heat of air at constant
pressure
p = density of air
TO = temperature at the ground
pu?ys = p —-u'w' vertical flux of momentum
usTyg = WO' = E%B vertical flux of sensible heat
K = von Karman's constant
¢m = normalized wind gradient = (xz/uy) (%%
¢h = normalized temperature gradient = ((xz/04) %g)

To determine the mean air flow close to the ground, the

following "forces" are important:

1. The horizontal stress (%%) has to be known for the

horizontal equation of motion, and follows from:
T = pu}

2. In a stratified atmosphere, a buoyancy force influences the
vertical motion. It may further be shown that this force
is proportional to the Vaisala-Brundt frequency for small

perturbations:

i g L L8
Vs T (dz * e )
p
3. For the thermodynamic energy equation, the vertical flux

of sensible heat (HO) has to be known:

w'o' = UpT g
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Monin-Obukhov similarity theory assumes that the vertical
flux of heat and momentum, together with the height z and the

Vaisala-Brundt frequency Vgr constitute the important parameters.

They defined a length parameter, L, and a temperature parameter,

6*:

Gof - wygm oo o % FB

L - Kg Ugba’ Uy

Two nondimensional products may be defined, and the 71 theorem

is used to describe the vertical gradients of wind speed, %%,
and potential temperature, %%:

kS da _ z

e i ¢m(L) (A1)

Kz d8 _ 2z

O dz - *n'D) (A2)

The use of Businger's empirically determined universal functions

(Businger 1973), has been proposed (Busch et al., 1976) when these
-1

equations are integrated. With ¢z = (z + zo) L , the following

results may then be written:

When t < O:
u 1 Z
el (&n 3 = LY (A3)
(o]
¥, = 2 &n ((14x)/2) + &n ((1+x2)/2) - 2 tan = (x+7/2)
1 =)
x = (1 -15¢) /* = ¢_
° " % 6.94 (Bm = = Pa) (A4)
-6* - ) Zo 2
V2 = &n ((l+y)/2)

=A);

y = (1-92)% = 0.74 o
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When ¢ > 0O:
U =& g B % 4.9 2 (A5)
U K z °
(@]
6 - o, ,
5 = 0.74 ¢n — + 4.7 ¢ (A6)
#* Z
(@]
Qm =1+ 4.7 ¢
. = 0.74 + 4.7 ¢

h

With measurements of wind and temperature at two levels as inputs,
Equations A3 and A4, or A5 and A6, may be solved by iteration to
find us, 0%, and accordingly L. Only a few iteration steps are

necessary.

The turbulent exchange of pollution (Kz) is estimated by using
the turbulent exchange of heat, Kh’ and the following formula

is used:

Kz = Kh = Ku*z/¢h(z/L) (A7)
This parameter may be used to estimate dispersion of pollution

in the surface boundary layer.

When the horizontal scale is large compared to the vertical scale,
the three "forces" above (points 1.-3.) may be considered the
dominant terms in the hydrodynamic equations near the ground,

and local similarity theory may be used. In more complex, in-
homogeneous situations other effects may influence the vertical
structure given in Equations Al and A2, or a quasi-stationary

situation may not exist.
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